UNIMODULAR INVARIANTS OF TOTALLY REAL 

TORI IN C n 



XIANGHONG GONG 

Abstract. We study the global invariants of real analytic mani- 
folds in the complex space with respect to the group of holomorphic 
unimodular transformations. We consider only totally real man- 
ifolds which admits a certain fibration over the circle. We find a 
complete set of invariants for totally real tori in C" which are close 
to the standard torus. The invariants are obtained by an analogous 
classification of complex- valued analytic n-forms on the standard 
torus. We also study the realization of certain exact complex- 
valued analytic n-forms on the standard torus through non-critical 
totally real embeddings. 



I. Introduction 

In this paper we study unimodular invariants of an immersed or an 
embedded n-dimensional real manifold M in complex space C n with 
respect to the holomorphic n-form Q = dz\/\. . .Adz n . We shall consider 
an immersion or an embedding (p : M — * C n which is totally real, i. e. 

to v = ip*n^o. (i.i) 

The complex n-form u v is decomposed into 

u v = e^u, i = ^-L, (1-2) 

in which u(mod27r) is a real function and v is a real n-form. The 
decomposition ( |1.2| ) is uniquely determined by the requirement that v 
is either a volume form when M is an oriented manifold, or a positive 
n-form of odd kind when M is non-orient able. We say that the totally 
real immersion (p: M — > C n is non-critical, if 

T = : M -> S 1 (1.3) 

is a submersion. 
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There has been extensive investigations on real sub manifolds in C n , 
especially since the work of E. Bishop 0. In association with the 
complex tangents, the topology of an immersed submanifold in complex 
space has been studied by H. F. Lai flOf , S. M. Webster fTTH , |T8|1 , and 



most recently, by F. Forstneric 0. In | 2D| , R. O. Wells proved that if 
an orientable compact manifold M admits a totally real embedding in 
C n , then its Euler number x{M) and Pontrjagin classes must vanish. 

From the definition of the non-critical totally real immersion, we 
have the following. 

Proposition 1.1. Let M be a connected compact smooth manifold of 
dimension n. If M admits a non-critical totally real immersion in C n , 
then its fundamental group n 1 ( y M) is infinite and the Euler number 
x(M) vanishes. 

As a consequence, we obtain 

Corollary 1.2. The sphere S n has a non-critical totally real immer- 
sion in C n if and only if n = 1. If a compact surface M admits a 
non- critical totally real immersion in C 2 , then M is either a torus or 
a Klein bottle. 

We mention that the totally real embedding of the Klein bottle in C 2 
given by W. Rudin Jl3| is indeed non-critical. In [21, p. 26], A. Wein- 



stein constructed a Lagrangian (whence totally real) immersion of S n 
into C n for all n. An explicit totally real embedding of S 3 in C 3 was 
given by P. Ahern and W. Rudin IJ. In [||, Forstneric proved that all 
orientable compact surfaces admit totally real immersions in C 2 , and 
that a non-orientable surface has a totally real immersion in C 2 if and 
only if its genus is even. 

Let Mi,M 2 be two totally real and real analytic compact submani- 
folds of C n with dimension n. From the Weierstrass approximation the- 
orem, one knows that Mi is equivalent to M 2 through biholomorphic 
mappings defined near Mi whenever Mi and M 2 are diffeomorphic by 
smooth mappings. In this paper, we shall study when Mi is equivalent 
to M2 by a unimodular transformation, i. e. by a biholomorphic trans- 
formation <3> defined near Mi, which satisfies the relation = Q. 
In ||, we proved that locally, a non-critical totally real n-dimensional 
analytic submanifold M in C" has only one unimodular invariant when 
n > 2. Globally, we shall see that one of unimodular invariants of M 
is the total volume 



/ 

J M 



P0= V. 
' M 
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Namely, two real- valued analytic volume elements Ui, u 2 on a compact 
manifold M are equivalent by an analytic diffeomorphism of M if and 



only if they have the same volume, a result due to J. K. Moser [1 I 



The main results of this paper concern the unimodular invariants of 
tori in C n which are perturbations of the standard torus 

T n : \zj\ = 1, 1 < j < n. 

Let A r C C n be the annulus defined by 

e~ r < \zj\ < e r , 1 < j < n. 

For a holomorphic mapping / = • • • , f n ) '■ A r — > C n , we denote 

\\f\\ r = sup{\f j (z)\;zeA r ,l<j<n}. 

We have the following result. 

Theorem 1.3. Let M be an embedding ofT n in C n given by a mapping 
ip which is holomorphic in A ro . Then there exists a positive number e , 
which is independent of r , such that for n > 2, < r < 1, and 

y-ld\\ ro < €q4, (1.4) 

M is unimodularly equivalent to an embedding ofT n defined by a map- 
ping 

^:(z 1 ,z')^(C- 1 g(Czi),z') 
with z' = (z2, • • • , z n ) and ( = z 2 . . . z n , where g is given by 

dt>i 

for a 2tc -periodic real function k satisfying k{6\) d9\ = 0. Furthermore, 
k(6i) is uniquely determined by M up to a translation 9\ — >• 0i + it. 

We now consider an immersion problem as follows. Given a fibering r 
in the form ( |1.3| ) and a real n-form v on M, we ask whether there exists 
a non-critical totally real immersion (p: M —>■ C™ such that (p*Q = tv. 
A necessary condition is that for the complex- valued n-form uj = tv, 

lu = 0. (1.5) 

M 

For M = T n , we have the following. 

Theorem 1.4. Let u — (1 + a(z))Q be a complex-valued n-form on 
T n . Assume that a(z) is holomorphic in A ro and u satisfies (|1.5[) . Then 
there exists e > such that for < r < 1 and \\a\\ ro < er , there 
is a totally real and non-critical analytic embedding <p: T n — > C n with 

UJ = Up. 
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We organize the paper as follows. In section 2, we shall discuss 
fiberings of a compact manifold M over the circle. In particular, we 
shall use the triviality of fibering T 2 over S 1 to show that when M is 
the 2-dimensional torus, the analytic function \x in (|1.3|) has no analytic 
invariant with respect the whole group of analytic diffeomorphisms 
of T 2 , except for the number of connected components of the fibers 
of t. We then normalize the function fi on T n by volume-preserving 
analytic transformations. This normalization, proved later in section 4, 



is essential for the proof of Theorem O . We shall finish section 2 with 
a regular homotopy classification of non-critical immersions of S l into 
the complex plane. In section 3, we shall first discuss the invariants of 



analytic volume forms, and then give a proof for Theorem |1.3| . Section 
5 will be devoted to the proof of Theorem |1.4| . 



2. Invariants of non-critical immersions 

In ||16|| , D. Tischler proved that a fibering M over S 1 exists whenever 
M has a smooth foliation given by a closed 1-form. The obstruction 
theory for the fiberings of M over S 1 were also studied by F. T. Far- 
rell M and others (see the references in Q). In this section, we shall first 
discuss a fibering M over S 1 . In particular, We shall see that for an an- 
alytic fibering T 2 over S 1 , the only invariant is the number of connected 
components of its fiber. Then we shall find a complete set of invari- 
ants for perturbations of the trivial fibering T n over S l with respect to 
volume-preserving bundle maps. Finally, we shall discuss the regular 
homotopy classification of non-critical immersions of S 1 in C, which is 



based on a classical result of H. Whitney and W. C. Graustein |2T . 



2.1. The fibering M over S 1 . We consider a submersion ( |1.3| ). Let 

7i : R — > S 1 be the covering mapping with tx{9{) = e . With n^S 1 ) = 
Z, we put 

r*7Ti(M) = Z-d 

for some non- negative integer d. It is clear that d ^ 0; otherwise, r 
has a lifting r : M — > R, which contradicts that M is compact and r is 
a submersion. We now choose a Riemannian metric on M. Let Vyix be 
the gradient of [i with respect to the Riemannian metric. Since dfi ^ 
on M, then the vector field V/i vanishes nowhere on M. This implies 



that x(M) = 0, and hence Proposition IT is proved. 

It is a classical result of C. Ehresmann that if M, N are connected 
compact manifolds, and p: M — > N is a submersion, then M is a fiber 
bundle over N. Arising from the submersion (|1.3j), the fiber bundle 



structure on M can be described as follows. Let <p t be the flow of V/x. 
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On MxK, consider a well-defined smooth function 

F(x, t) = fio (f t (x) - fi(x). 

One notes that 

j t F{x,t) = <Vn(<p t (x), V/i(^(x)> 

has a positive lower bound. Hence, there is a smooth function t: M x 
R -> R such that 

t(x, a)) = a. 

Now, one defines a smooth family of diffeomorphisms ip a of M by 

ip a (x) = <pt(x, a )(x). 

In fact, one readily sees that a — > ip a is a homomorphism, i.e. an 
R-action on M generated by r. Now for two points p, q on S 1 with 
g = e ia p and < a < 27r, we have the Poincare section mapping 

S p , q = ^ a \ T -\p) - r -1 (p) -> r _1 (g). 

For F = r _1 (l), we define two local trivializations 

4>i : F x (S 1 \ {(-l)i» - r" 1 ^ \ {(-1)^}), j = 0, 1 

with 

4>o{x,p) = S 1;P (x), (pl(x,p) = Sp-i. o S 1 ! _i(x). 

Therefore, r : M — > S 1 is a fiber bundle with fiber F. Obviously, ip a is a 
bundle map between two fiber bundles r: M — ► S 1 and e ia r: M —*■ S 1 . 

By the homotopy sequence of a fibering (see 0, p. 152), we know 
that d is exactly the number of connected components of fiber F. Now 
the fibering r has a factorization r = (r 1 ' d ) d , where the d-th root r 1 ^ 
is a lifting of r for the standard d to 1 covering from S* 1 to itself defined 
by z — > z^; and r 1//d : M — >• S* 1 is a fiber bundle with connected fibers. 
It is clear that if r', r" are two d-th roots of r, then r" = Ar' with 
X d = 1. Using the R-action on M generated by the fibering r', one 
can find a bundle map between the fiberings r" and r'. Furthermore, 
let Tj : Mj — > 5 1 (j = 1, 2) be two fiberings. Assume that fibers of 
both Mi and M 2 have d connected components, and that and 
are the corresponding <i-th roots of t\ and r 2 respectively. Then under 
bundle maps, t\ is equivalent to r 2 if and only if is equivalent to 
r 2 1//d . This implies that, for the purpose of the bundle classification, we 
may only consider a fibering M — > S l with connected fibers. 

We shall introduce some notations. Define a universal covering R n — ► 
T n by 

7r:(^,...,^)^(e^,...,e^). (2.1) 
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For a mapping 0: T n — > T m , a lifting of is a mapping from M n to 
M. m such that 7r o = o n. Obviously, can be written as 

n 

9' k = J2 d kA + fk(0), d k}i eZ, k = l,...,n (2.2) 
i=i 

for some real functions fk which are 27r-periodic in each variable 9j. 
Also, a mapping 0: R n — > R m in the form (|2.2|) generates a unique 
mapping 0: T n — > T m such that is a lifting of 0. It is clear that if 
is a diffeomorphism, so is 0. Conversely, the degree formula (see 0, 
p. 189) implies that if is a diffeomorphism, then is a local diffeo- 
morphism of T n with degree 

d = det(4,0- 

In particular, is a diffeomorphism if and only if d — ±1. Finally, we 
shall take d9 = dd\ A ... A d9 n as the standard volume form on T n . 
A diffeomorphism of T n is said to be volume-preserving whenever 
preserves d9. 

Return to a fibering ( |1.3|) with M = T n . Assume that the fibering 
has connected fibers. Then 

f x(9) = d 1 9 1 + ... + dJ n + h(9), 

where d\, . . . ,d n are relatively prime integers, and h is a 27r-periodic 
function. By a volume-preserving bundle map, we may assume that 

H(9) = 6 1 + h{9). (2.3) 

We now restrict ourselves to the case n = 2. Then the fibering r : T 2 — > 
S 11 is a circle bundle on 5 1 . From the bundle classification theorem 
(see P~5[] , p. 97) and the isotropy classification of Diff(S' 1 ) (see 0, 
p. 186), one knows that there are only two inequivalent classes of circle 
bundles over S 1 . Since the total space T 2 is orientable, then r : T 2 — > 5 1 
is a trivial circle bundle. This implies that there is a smooth bundle 
map 

<S> = (t 1 ,t 2 ):T 2 ^S 1 xS 1 (2.4) 

with t — T\. 

The following result is equivalent to the fact that an analytic circle 
bundle T 2 — > S 11 is analytically trivial. For the lack of references, we 
shall give a proof by using the smooth trivialization <3>. 

Proposition 2.1. Lei /i 6e given by ( |2.3| ) in which h(9) is an analytic 
2-7T -periodic function. Assume that d fx vanishes nowhere onT n . Ifn = 2, 
then there is an analytic diffeomorphism \1/ of T 2 such that for a lifting 

/ioi(e) =0!. 
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Proof. We shall modify r 2 in ( |2.4j) to get an analytic bundle map 
To this end, we put the lifting $ of $ in the form Q2.2| ) with n = 2. By 
truncating the Fourier series of f'2, we can find a sequence of analytic 
functions gk{@) such that for k —>■ 00, 

\\9k-f2W, ||fyGfc-/ a )||-0, (2.5) 

where || • || stands for the L°°-norm on IR n . We now consider the mapping 
<3> fc : T 2 — > T 2 defined by 

^gifll e »0 2 \ _^ (ti(8) e *( d 2,i0i+ d 2,202+Sfe(0))\ 

We shall denote by -D$ the Jacobian matrix of $. Obviously, D^^ — > 
Z}$ uniformly on T 2 as — > 00. Hence, is a local diffeomorphism 
for large fc. Since $ and are of the same degree, then is a 
diffeomorphism for large k. Furthermore, they also have the same first 
component. Thus, for k large, is an analytic trivialization for the 
fibering r: T 2 — ► S , which gives us 

H o®- 1 (9) =6 1 (mod27r). 

Take \& = Then, for a suitable lifting one has /i o ^f(9) = 9\. 
This completes the proof of Proposition EO. □ 



The annulus A r has a universal covering 

S r cC n : \lm9j\ <r, 1 < j < n, 
for which the covering mapping is given by (|2.1| ) . We have the following. 



Theorem 2.2. Let h be a Ik -periodic holomorphic function in S r , and 
let \i be defined by fl2.3|) . Assume that h{9) is real for 9 G W 1 . Then there 
is a constant e > 0, which is independent of r, such that for < r < 1 
and 

\\h\\ r = sup{|/i(0)|} < er 3 , (2.6) 
e&Sr 

there exist a unique 2-7T -periodic function k{9\) and a volume-preserving 
analytic transformation $ ofT n such that for a lifting $, 

/xo$(0) =9 1 + k(9 1 ) (2.7) 

with k{9 1 )d9 1 = 0. 

Proof. The existence of $ will be given in section 4 by a KAM argu- 
ment. Here, we only verify the uniqueness of the invariant function 
k. Let ip be a volume-preserving analytic transformation of T n , and 
9* — if) (8) a lifting satisfying 

8\ + k{9\) = 9 X + k{9 x ) (2.8) 
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for a 27r-periodic function k with k(9i) d9\ = 0. We need to show 
that k = k. One first notice that 1 + k' and 1 + k' are positive on R 1 , 
since dfi ^ on T n . Hence, (|2.8| ) implies that the first component of 
ip can be written as 

0j = 0i + /i(0i) 

for some 27r-periodic function fx. The rest of components of ip can be 
put into 

n 

p=i 

in which d ajJ g are integers, and f a are 27r-periodic functions. 
Denote 

f3>2 

Also, define d' by 



d'h(9) = J2deM0)d9 a . 



a=2 



Since ^ is volume-preserving, then 



^ {l+m))iet m±Mh^k±M>i. ( , 9) 

0{V 2 , ... , t7nj 

Notice that 

d'{9' 2 + f 2 {9)) A ... A + f n {9)) = d% A ... A d'9' n + . . . , 

where the term omitted is an exact (n — l)-form in the variables 
2 , ••■ A- Thus 

rf'(0 2 + / 2 (0))A...Ad'(0; + / n (0)) 

o<02,...,e, l <27r 

is the total volume of d'9' 2 A ... A which is obviously independent 
of 9\. Averaging the right side of ( J2.9p over < Q < 2tt for 2 < a < n, 
we see that 1 + f[(9i) is constant. Hence, f\ = c. Returning to Q2.8p , 

we get 

fe(0 1 ) = c + fc(0i + c). 

By the assumption, we know that the average values of k and k for 
< 0i < 27r vanish. Averaging the above over < 9\ < 2tt, we finally 
get c = 0. Therefore, k = k. This proves the uniqueness of the function 
k. □ 
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2.2. The case n = 1. We consider an immersion /: S 1 — > C. Put 

Uf = p{9 1 )e i{dei+h(dl)) d9 1 , deZ, 

where h and p are 27r-periodic functions with p > 0. Obviously, d = df 
is the Hopf degree of the Gauss map of /. One can see that the im- 
mersion / : S 1 — > C is non-critical if and only if, locally, the immersion 
/ is strictly convex in C = M 2 . 
We have the following result. 

Theorem 2.3 (Whitney-Graustein, Let f and f\ be two im- 

mersions of S 1 in C. Then f\ is regularly homotopic to /o if and only if 
df = df 1 . Furthermore, if both immersions fo and f\ are non-critical, 
then / Q and f\ are also regularly homotopic through a family of non- 
critical immersions. 



Proof. The first part of the theorem is proved in [^TJ. We now modify 



Whitney's proof to show the second part of the theorem. Put 

u f . = p j (6 1 )e i( - d0 ^ h ^\ d f0 = d = d h . 
We have d ^ and 

i + ^h , j (e 1 )>o. 

We now consider an orientation-preserving transformation ipj of S 1 
given by 

^^^eWWfl J = 0,1. 
Obviously, fj o tb~ x is regularly homotopic to fj. Hence, we may still 
denote fj o tpj 1 by fj. Setting fj{9{) = fj(e ldl ), we then have 

? j {0i)= Pj (9 1 )J*, Pj (9 1 )>0, j = 0,1. 

Put 

gtfr) = ((l~t) Po (9 1 )+tp 1 (9 1 ))e m \ < t < 1. 
Obviously, the average value of gt{9i) on S 1 vanishes for all t. We may 
assume that the average value of fj vanishes for j = 0,1. Let f t be 
the unique 27r-periodic function in 9\ such that its average value for 
< 9\ < 2tt is zero, and fj. = gt. It is clear that ft is a non-critical 
immersion for all t. Now ft(e 101 ) = /t(#i) gives us a regular homotopy 
ft of non-critical immersions from /o to f\. The proof of Theorem |2.3| 
is complete. □ 

For later use, we remark that a non-critical immersion /: S 1 — >• C 
is an embedding if and only if df = ±1. Here, we need a result of 



Whitney |2T], which says that 

If = df — signdf 
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is the algebraic sum of double points when / is an immersion with only 
double points in normal crossings. It is clear that the Whitney self- 
intersection number If must vanish if / is an embedding. Conversely, 
if / is non-critical and d = ±1, one can see that the Gauss map 




is a diffeomorphism of S 1 . Therefore, / is an embedding. 



3. The normal form of totally real tori 

In this section, we shall first prove a result of Moser about normaliz- 
ing analytic volume elements on a compact manifold M. We shall also 
give some relevant estimates when M = T n . Finally, we shall give a 
proof for Theorem pL .3| by using Theorem [2.2|. 



3.1. A theorem of Moser. Consider a non-critical totally real im- 
mersion ip: M — > C n . The pull-back is a complex- valued n-form on 
M. In local coordinates x — (xx, . . . , x n ), we put 

(jJ v (x) = p(x)e 1 ^ dxi A ... A dx n , 

where p(x) is a positive function and p(x) (mod27r) is a real function. 
Define 

u(x) = p(x)dxi A ... A dx n . 

When M is orientable, we require that (xi, . . . , x n ) are the coordinates 
which agree with a fixed orientation. Then v is a volume form on M. 
When M is non-orientable, v is still globally defined. However, v is not 
an n-form on M; instead, it is a positive n-form of odd kind. In both 
cases, v is called a volume element on M. 
We have the following result. 

Theorem 3.1 (Moser |ll|). Let u and V\ be two analytic volume ele- 



ments on a compact manifold M with J M ^o = j M v i- Then there is an 
analytic diffeomorphism <fr of M such that (jfvi = z/ . 

Proof. The proof given in |l ]| is only for smooth volume elements. 
However, it works equally well in the analytic case. Let us choose an 
analytic Riemannian metric on M. Then the Hodge decomposition 
theorem gives us 

Uj = d5(3j + hj, j = 1, 2, 
where hj is a harmonic n-form. Since f3j is of top degree, we can rewrite 

Vj = Apj + hj. 
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Now the regularity of the Laplace-Beltrami operator A implies that hj 
and (3j are analytic n-forms (see |12| , p. 177). Since J M v x = f M vo, 
then hi = h . Let 

u t = (1 - t)u + tv x . 

Then we have 

u t = da t + h , 

where a t = (1 — t)8fto + t8(5\. Obviously a t is a family of analytic 
n- forms depending analytically on the parameter t. Using at, one can 
construct a family of analytic diffeomorphisms <p t such that 4>* t u t = u . 
For the detail, we refer to pTTjl . □ 

The above proof does not provide us any estimate for the mapping 
0. For the proof of Theorem |1.3| , we shall give some estimates of for 
the case M = T n . 

Let h(6) be a 27r-periodic holomorphic function defined in S r . We 
shall introduce a useful decomposition 

n 
3=0 

in which L h is a constant, and Ljh depends only on 6\, . . . , 9j. To 
ensure the uniqueness of the decomposition, we require that 

[L^ = 0, l<j<n, (3.1) 

in which and also in the later discussion, we use the following notations 



l/L^X KM. W = (^X -X /<»)«»■ 

Now, the condition ( p.l|) implies that 

L h(6) + ... + Ljh(d) = [... [h] j+ i ...]„, < j < n. 

In particular, L^h is the constant term of the Fourier series of h. Ob- 
viously, we have 

\\LqIi + . . . + Ljh\\ r < \\h\\ r . 

Therefore, we get 

\\L j h\\ r <2\\h\\ r , 0<j<n. (3.2) 

Denote 

D J h(9) = d 9j h(9). 

We also define Dj l h{6) to be the unique anti-derivative of h with re- 
spect to the variable 6j which satisfies the normalizing condition 

[DT 1 ^ = 0. (3.3) 
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In addition, if h{9) satisfies 

[h]j = 0, (3.4) 

then Dj 1 h is also 27r-periodic, and 

DjD^h = D^Djh = h. 

We need the following. 

Lemma 3.2. Let h be a 2ir -periodic holomorphic function in S r satis- 
fying (|3.4j ). Then 

WD^hWr < 2n\\h\\ r . (3.5) 

Proof. We fix £ G S r and put £,j = t + is. We also let 9 k = 6c f° r k ^ j. 
Since Dj l h is 27r-periodic in 9j, then ( |3.3|) implies that 

/ Dj l h(9)d9 j = 0. 

Hence, there is to £ (t — vr,t + tt) such that ReD^hif)) = for 0j = 
to + is. We now have 

ft-\-is 

ReD^h^) = / Reh(9)d9j. 

J to+is 

Thus, we get 

iReLT 1 /!^)! < 7r||/i|| r . 

One can also obtain that |ImDj 1 /?,(^)| < 7r||/t|| r . Therefore, ( p.5| ) is 
verified. □ 

Consider a transformation given by 

9', 9 I f,(9). ./ ' "• (3.6) 

where each fj is 27r-periodic on 5*,.. We first prove the following result. 

Lemma 3.3. Let <p: S r — > C n be a mapping with the form ( |3.6| ). As- 
sume that 

r 

■ £ Tn < 37 > 



>:S r / 2 ^S r , 4> 1 :S r /4^S r / 2 . (3.8) 



Then for < r < 1, one has 

Proof. Obviously, (|3T7| ) implies that (f>: S r / 2 — > S r . For the inverse 
mapping, we fix 9 G S r u and consider a mapping 

T: 9' ^9-f{9'). 
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From ( p.7|) , it is clear that T: S r / 2 — > S r / 2 . By Cauchy inequalities, we 
have 

|P*/illr/2 < ^- 

Hence 

\\DT\\ r/2 < 1/2, 

where and also in the sequel, the operator norm ||D/|| r of a holomorphic 
mapping 

/ = (/lj • • • > /m) : SV - * C m 

is defined by 



||D/|| r = sup OJW)l;fes r 

l<j'<m 

Therefore, we know that T: SV/2 — >■ SV/2 is a contraction mapping. 
Now the unique fixed point 9' e SV/2 of T is precisely the inverse image 
<p~ l {9). The proof of Lemma O is complete. □ 
We have the following estimates. 

Proposition 3.4. Letoo = (l+b(9))d0 be a real n-form onR n . Assume 
that b{9) is a 2tt -periodic holomorphic function on S r with 

0<r<L (3 - 9) 

Then there is a holomorphic mapping in the form ( |3.6|) such that 
n ) = W 1 and lo = (1 + [b])(p*d9. Furthermore, satisfies ( j3.8|) , and 

<87r||6|| r . (3.10) 



Proof. We shall seek a transformation <fi in the form ( ^.6| ) such that 
depends only on #i, . . . , 0j. Then lu — (1 + [6])0*<i0 can be rewrit- 
ten as 

(1 + [6])(1 + £>i/i(0)) . . . (1 + D n f n {9)) = 1 + 6(0). 

(3.11) 

We further require that 

[fjh = 0. (3.12) 
Thus, by applying [• ] k (k > j) to ( |3.11|) , we get 

(1 + [b])(l + D\f\(9)) . . . (1 + DAifi)) = 1 + J2 L ^0) 

1=0 

for 1 < j < n. Hence, 

Ljb{9) 



D 3 m 



1 + ECo 1 Ub(9) 
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From the normalizing condition ( 3.12|) , it follows that 



W) 



Using (gj), O and 



WfoWr < T 



i + ECo 1 ^)' 

we obtain 
47r||6|| 



2n||6||, 



< 8tt 



From 03.91) again, we see that (13.71) is satisfied. Thus, Lemma 3.3 



implies that ( |3.8|) holds. This completes the proof of Proposition |3T4 . 
□ 



3.2. Proof of Theorem |1.3| . Let M and (p be as in Theorem |1T3| . We 
take 

r = r /2, < r < 1. 

Assume that 

1 



eo < 

From Cauchy inequalities, we get 



^>e 2 n 2 



(3.13) 



\\D<p - Id|| r < n- 



\cp — Id|| ro 2ne 



-r Q /2 _ p-ro 



< \\(p — ld\\ ro < 2eneor, 



o- 



in which the last inequality is obtained from (|1.4j) . Let Ai(z), . . . , X n (z) 
be the eigenvalues of Dip(z). Then the above estimate gives us 

\\j(z) — 1| < 2ene rQ. 

Noticing that 

|log(l + x)\ < 2\x\ (3.14) 
for \x\ < 1/2, we get from (|3.13j ) that 

n 

| y^logAj(z)| < 4en 2 e rg, z G A r . 

3=1 

Now, using the inequality 

|e w -l|<eH (3.15) 

for | w | < 1, we obtain 

|Ai(z) . . . X n (z) - 1| = | e lo s A iW- A «^) - l| < 4e 2 n 2 e ^ 
for Put 



1 + a(» = det(D<p(z)) = Xi(z) . . . X n {z). 
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Then 

,2 2 



Mir < 4eVe r d . (3.16) 



Let ujp = TT*uJip. Put 



b 1 (6) = {(l + a(z))(l + a(z))} 1/2 -l 



1 



h(9) = -{log(l + a(z)) - log(l + a(z))} 

with z = (e 101 , . . . , e* 6 *") and z = (e 101 , . . . , e je "). Then, b± and /ij are 
holomorphic functions in S r . On W 1 , we now have a decomposition 

with 

vi(9) = (i + 6i(0))de, ^1(0) = 0i + . . . + e n + hie). 

From Q3TT3D , ( g^g ) and we obtain 



| log(l + o(z))| < 8e 2 n 2 e r^, | log(l + a(z))\ < 8eVe ro 

for z £ A r . Hence, from (|3.13|) and (|3.15|) , it follows that 

ll&illr < c e r 3 , || h II r < c e r 3 , (3.17) 

in which and also in the sequel, we denote by Cj (J — 0, 1, . . . ) a constant 
which depends only on n, but is larger than 1. 
Consider the linear transformation 

<f H) :0 f 1 = e 1 + ... + e n , e) = e v j>2. 

Put fi2 = A*i ° 0o 1 in the form 

fi 2 {e) = e x + h{e), h 2 (e) = h ° O \e). 

Let 

v 2 = vi o 0o 1 = (1 + b 2 )de, b 2 = b\ o 00^. 
Notice that the domain S r is invariant by 0o- Then ( p.17 ) gives us 

HMr < c o e o?" 3 , HMr < c e r 3 . (3.18) 

We now choose eo so small that ( |3.18|) implies that ( |3.9|) holds for 
b = b 2 . Let 0i be the transformation given in Proposition |3]4]. Then 

(0r 1 )v 2 = i n (i + [6 3 ])tze. 

Notice that 0o and 0i are volume-preserving. Hence, [63] = [a]. By 
setting 

we then have 

h(M0)) = h(e)-h(e). 
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Notice that (p l : S r u — > S r / 2 . Thus 

||^3||r/4 < ||^2||r/2 + ||/l||r/2- 

Together with (|3.10|) and ( p. 17] ), we get 

\\h\\r/4 < cie r 3 . (3.19) 

Now for a possibly smaller eo, ( 3.19|) implies that h 3 satisfies Q2.6|) . 
Thus, by applying Theorem |2.2| , we obtain a volume-preserving trans- 
formation 02 such that 

Put = 0q 1 0]~ 1 020o- Then, we obtain 

0*c^ = z"(l + [a])e <(ei+ - fl " + *^ + - <?n »d0. (3.20) 



To construct g as stated in Theorem [T7|, we first notice that is 

e i(ei+...e n +k(e 1 +...e n )) d _ Q 



exact, i.e. 



Equivalently, this means that the average value of e^ ei+fe ( ei » for < 
6*i < 27r vanishes. Hence, there is an immersion 

g:S l ^C 

such that 

d9 1 

We further notice that (p o cj> is a non-critical totally real immersion. 
Hence, from the right side of ( [3.20 ), we see that 1 + k'(6i) ^ 0. There- 
fore, g is a non-critical immersion with d g = 1. As we have seen in 
the end of section 2, this implies that g is an embedding. Now, one 
can verify that the mapping ip given in Theorem [L3] defines an embed- 
ding of T n with ij*Q = <j>*(p*n. Let f n =J){T n ). Then the analytic 
diffeomorphism $ = ip o cj)~ l o tp^ 1 ; M —>■ T n satisfies 

<5>*tt\ fn = tt\ M . 

By complexifying $, we get a unimodular transformation defined near 
M which transforms M into T n . 

Finally, we need to verify that up to a translation B\ — > 9\ + tt, the 
function is uniquely determined by M. More precisely, we want 

to show that if M is unimodularly equivalent to an analytic embedding 
of T n given by another mapping 



f (^ 1 ,/)^(r 1 ^i),^) 
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with 

J-^(e^) = [k] = 0. 

Then, either k = k, or k(9i + n) = k(9\). For the proof, we notice that 

If M is unimodularly equivalent to ip(T n ), then there is a diffeomor- 
phism of T n such that 0*^ = oj$. In brief, let us still denote the 
lifting of by 0. This implies that either 



fdO = p d9 (3.21) 
and 

K 0(6) = K (6) + 2dir, deZ (3.22) 

for K(9) = 9 l + k{9 x ) and K(9) = 9 X + fc(^); or 

Po 0*dfl = - Po ^ (3.23) 

and 

K o 0(0) = K(9) + (2d + 1)tt. (3.24) 

If ( p.21| ) holds, then we see that po = po and is volume-preserving. 
Let L a be the translation 

e 1 ^e 1 + a, e,j -> j > 2. (3.25) 

Notice that is 27r-periodic. Then ( |3.22|) implies that Ko^oL^dn = K. 
Since o L^d-n is volume-preserving, then Theorem |2.2| implies that 
k = k. Next, we assume that ( |3.23| ) holds. In this case, we get p = p 



and cj)*d9 = —d6. Here we use the assumption n > 2. We consider the 
volume-preserving mapping 



h, ■ ■ ■ , Qn-li —On)- 

Notice that K depends only 6 1 . Hence, we still have 
Ko (f)(9) = K(6) + (2d+ l)vr. 



Now ( |3.24j ) can be rewritten as Ko(f>oL(2d+i)n = #i + k(9\ +tt). Again, 



Theorem |2]2| implies that k(9i) = k(9\ + 7r). This completes the proof 
of Theorem 11.3. 
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4. Normalizing functions with volume-preserving 

mappings 



This section is devoted to the proof of Theorem |2.2| . We shall con- 
struct volume-preserving transformations of T n through the time-1 
mappings of divergent free vector fields, since the latter are easier to 
be handled because of the linearity of the compatibility condition. We 
shall accomplish the proof of Theorem |2.2| by using a KAM argument. 



4.1. Some estimates for flows. Consider the flow <j) t determined by 
a system of ordinary differential equations 

^f=ft(0)> 1 <•/<"■ (4-1) 

Set 

&:^ = 0i + /i(M), l<J<n. 
For p = (pi, . . . ,p n ), we put 

\\p\\ r = swp{\pj(9)\;9 G S r , 1 < j < n}. 

We need the following result. 

Lemma 4.1. Let pi, . . . ,p n be holomorphic functions on S ri . Assume 
that 

Iblln < n8. (4.2) 
Then for — 1 < t < 1 and < 5 < 1/2, one has 

11/(^)11(1-^ < Iblln (4.3) 

and 

II 112 

y^.^-p^tll^y^^^. (4.4) 

Furthermore, if all pj are 2tt -periodic, then fj(6,t) are also Ik -periodic 
in 9 for fixing \t\ < 1. 

Proof. We first want to prove that <pt{9) is holomorphic for 9 G SVi-^n 
and |t| < 1. By the Cauchy existence theorem, it suffices to show that 
for any t with \t\ < 1, one has 

MS{i-s)n) C S ri . (4.5) 

Otherwise, there are < |£q| < 1 and 9o G S^s)n such that for some 
k 

\fk(0o,t)\ < \ fk(9 ,t )\ = 5n, \t\ < \to\. 
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Rewrite (|4.1| ) as 

fj(0,t)= [ pAMWt, j = l,...,n. (4.6) 
Jo 

Then Q implies that 

\fk(0 o ,t )\ < \\p k \\ ri < ri 6, 

which leads to a contradiction. Hence, we have verified that (f4.5|) holds. 
Using ( |4.6|) , we now obtain the inequality (4.3) for \t\ < 1. 
By Cauchy inequalities, we have 

\\Di Pk \\ ( i-s )n <^. (4.7) 
Fix 9 G 5 , (i_25)t-i an d \t\ < 1. Then (4.3) and (|4.5|) give us 

n 

\pk{0 + mt))-p k {6)\ <Y,\\fi(-M(i-2S) ri ■ \\D lPk (;t)\\(iS)n- 

1=1 

Together with (4.3) and ( [4. 71) , we get 

|p*(0 + /(M))-Pfc(*)l< ! ^- 

rid 

Now, from the identity 

f k (e,t)-p k (9)t = [\p k (e + f(9,r)) -p k {9)}dr, 
Jo 

we obtain the estimate (4.4). The periodicity of fj follows directly from 
the uniqueness of the solutions fi, ■ ■ ■ , f n to (|4.1|) and the assumption 
that all p k are 27r-periodic. The proof of Lemma [4.1| is complete. □ 

We notice that if the vector field v defined by (|4.1| ) is divergent free, 
i.e. 

n 

J2D jPj (e)=0, (4.8) 

then (p t is volume-preserving for all t. 
4.2. Approximate equations. We put 

1 n 

Pi = r V Ljh. (4.9) 

In order that ( f4.8|) is satisfied, we take 

p ^ D " B '(rfw)' >' = 2 - (410) 
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Let <fi t the flow defined by ( |4.1|) . Set 

<l> = </>-!■ e' j = e j + f j {e i -i). (4.11) 

With the above transformation, we now put 

e 1 + k{6) =6[ + h{6'). (4.12) 
Introduce the notations 

B r = max{\L h\, ||Z?iLi/i|| r }, b r = max{||L 2 /i|| r , . . . , ||L n /i|| r }. 
We need the following. 

Lemma 4.2. Let pj be defined by ( |4.9| ) and ( 4.1Up . Assume that 

B r <l/2. (4.13) 

Then there exists a constant c 2 such that for < r < 1 andO < 5 < 1/2, 
one has 

\\ph-s )r < C -^. (4.14) 
ro 

Proof. Using Cauchy inequalities, we get 

WDlLMd-syr < % (4.15) 
ro 

WD^hW^sy < ^, 2 < j < n. (4.16) 
From (|413D and fiESD , it follows that 

lbi||(i-<5)r < 2n6 r . (4.17) 

We also have 

/ L^/i \ = 1 , D x L x h)D x L;h - D\L x h ■ LA] . 

Now, (|J), (4.15) and (4.16) give us 

m 1 * ( ^rr) h-,> < (d + + ^ < 



3 \1 + DiLih J U{ ' — \j- rd r5 J ~ r6' 

where the last inequality comes from ( [4.13j ). Together with ( 4.17|) , we 
can obtain Q4.14 ) by taking c 2 = max{2n, 167r}. □ 
To apply Lemma f4.1| , we should take 



n = (l-<J)r, 0<r<l, 0<5<l/4. 
We also assume that 



r 2 5 2 

b r < —. 4.18 

nc 2 
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Notice that r l > r/2. Then, ([£TJ) and (pTPSD imply that Q holds. 
Since (1 - 25)r < (1 - 8)n, then (pi~2| ) and (4.3) give us 

||/(-, -l)||(i-2^ <t8. 
From (4.4) and ( [4.14[ ), we also have 



ncfo; c 3 b. 



< 



(4.19) 
(4.20) 
(4.21) 



rir 2 S 3 r 3 <5 3 
Rewrite (P^|) as 

fc(0) = / l (0-p(0))- Pl (0) + £; 1 (6/) 

with 

*a(0) = -1) + px{6) + h(9 + f(9, -1)) - - p{6)). 
Using the Taylor formula, we get 



h(6-p(6)) = h{9) -J2 D M0)-Pj(0) + E 2 (6) 

i=i (4.22) 



with 



Mo) = ^PiidM^DiDfiie -tp{e)) 

i<3 

for some t G (0, 1). Notice that L\h is a function in 9\ alone. Then we 
can write 



^DM9) Pj (9) = D 1 L 1 h(9 1 )p 1 {9)+E s (9) 

3=1 



(4.23) 



with 



n 3 



E 3 (9) = J2J2 DkL ^P k ^- 

j=2 k=l 

Substituting QQ2D and ( ^23|) into flOp , we get 

k = h - (D^h + + £, E = E 1 + E 2 - E 3 . 

Using ( |4.9| ), we obtain 

k(9) = L h + L 1 h(9 1 )+E(9). (4.24) 

We now give some estimates of Using Cauchy inequalities, one 
gets 



||-Dj/l||(l-4)r < B r + (n - 1)— < 1, 

ro 

in which ( |4.13| ) and (|4.18|) are used. One also has 



(4.25) 



(4.26) 
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Fix 9 G Sn-3S) r . From (|4.2|) , we see that 9 — p{9) G Sn-2S)r- Hence 
\h(9 + f(9, -1)) - h(9-p(9))\ < \\Dh\\ (1 _ 25)r ■ \\f(; -1) + p (.)\\ {1 _ 30)r . 
Together with flOOD and ([L2|), we get 

|^ + /(^-l))-^-^))|<^. 

Hence 

< (4.27) 

Notice that 9 - tp{6) G S ( i_ 2 % for |t| < 1. From ( CT) and flOfH) , it 
follows that 

2 



11*11(1-*), < ^ (^) ■ (4.28) 



It is clear that for j > 2, ||£) fc Lj/i|| (1-3% < b r /(3rS). Together with 
(|Q4]) , we get 

w(w - l)& r c 2 6 r 
11^311(1-3% < —f- (4-29) 

Let us put ( FT27D , flO§ and ( ggg ) together in the form 

c 4 ^ 



II -El || (1-3% + 11-^211(1-3% + || -^3 || (1-3% = E < 



(4.30) 



2r 3 5 3 • 

We now denote 

5(i-4% = max{||L A;||(i_4%, ||-D]£i&||(i-4%}, 

&(i-4% = max{||L 2 A;||(i_4%, • • • , ||£„A;||(i-4%}- 
Applying D\L\ to both sides of ( |4.24j ), we get 

||-Dl-^l^||(l-4% < ||-Dl-^l^||(l-4% + ||-Dl-^l-E||(l-4%- 

From (|3.2|) and Cauchy inequalities, we then obtain 

WD^kW^syKBr + ^Eo. (4.31) 

It is easy to see that LiLj = for i ^ j. Hence, applying L to both 
sides of Q4.24D gives 

\L k\ <B r + E . (4.32) 

We also have 

11^-^11(1-3% < ||£j-E||(l-3%, j > 1- 

Hence 

& ( i_M> < 2E . (4.33) 
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Substituting ( |4.30|) into ( |4.31| )-( |4~33D , we obtain the following. 

Proposition 4.3. Assume that < r < 1 and < 5 < 1/4. Sup- 
pose that h is a 2n -periodic holomorphic function satisfying ( |4.13| ) and 
(|4.18|) . Let <f) be defined by (|4.11| ), and let k be determined by ( |4.12|) and 
(|4.11|) . Then satisfies (|4.19|) , and k satisfies 



hi 



(l-4<5)r 



< 



and 



-B(l-4<5)r < B r + 



r 3 5 3 

r 4 6 i- 



(4.34) 



(4.35) 



4.3. Proof of Theorem |272|. We put 



1 + 



m + 1 



m — 0, 1, 



Rewrite 



m+l 



1 45 m )r m , 



1 



m = 0, 1 



4(m + 2) 2; 
Let us first prove a numerical result. 

Lemma 4.4. Letr m , 5 m be given as above. Assume thatb m andB m (0 < 
m < N) are non-negative numbers satisfying 



Jm+l 



< 



r 3 <5 3 



B m +i < + 



c 4 6. 



r£<5£ 



for < m < N. Assume further that 

Bo < 1/4, b < r 3 5 3 /c 6 
with cq = max{r?,C2, TJc^\. Then for all m > 0, we have 
b m < r 3 m 5 3 Jc 6 , B m < 1/2. 

Proof. We put 

i>m = i^JLlce> m>0. 
Assume that (|4.39| ) holds for m < mo. It is easy to see that 

bm+i/bm 



(4.36) 

(4.37) 

(4.38) 
(4.39) 



1 | ( U 3 ^±i>(l-4,5 ) 3 ^ = l/27. 



5 3 
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On the other hand, one has 

<- < i/27. 

mo mo 

Hence 

b mo+ i<b mo b -f^<b mo +i- (4.40) 
As for the estimate of B mo+ i, we have 

mo ^3 "10 

5, no+ i<s +x;zi^<v4+E r i^ 

i=o ' J j o 

in which the second inequality is obtained from the estimate of b m 
for m < mo + 1. Notice that r < 1. Then it is easy to see that 
-Bmo+i < 1/2. Therefore, we have proved ( |4.39| ) by the induction. □ 

For the proof of Theorem |2.2| , we shall find a sequence of volume- 
preserving transformations <f> m , and then define 

6 1 + /i (m+1) (6) = 6[ + h {m) (9') , = h 



with 
Denote 



B m =max{\L h^l\\D l L l h^\\ rm }, 
b m = m ax {\\L 2 h^\\ rm ,... ,\\L n h^\\ r J. 
The transformations m will be constructed such that 

ll/ (m) (",-l)lk +1 <r m 5 m . (4.41) 

In particular, 

<p m : S rm+1 ^ S rm . (4.42) 



Furthermore, it required that (|4.39|) holds. 



The existence of <po is based on the initial condition ( |2.6|) . In fact, 
we should choose e such that ( |4.38|) follows from (|2.6|) . Hence, we get 



(1CI5D and Q4Tg ) for h = h®. Let O = be as in Proposition [O 



Then ( |4.19| ) implies that ( |4.41| ) holds for m = 0. Inductively, we as- 
sume that 4>o, ■ ■ ■ , 0m o are constructed such that ( |4.41|) and (|4.39| ) are 



satisfied for m < mo- Then Proposition ^4.3| implies that there exists a 
transformation 0( m+1 ) satisfies Q4.41|) . The existence of 0o, • • ■ , 0m o +i 
also implies that ( f4.34| ) and (|4.35|) hold for m < mo + 1. Finally, from 
Lemma |4.4j , we obtain fl4.39| ) for m = m + 1. By the induction, we 
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may construct a sequence of transformations m satisfying ([4.41 ) such 
that the corresponding satisfies (|4.39|) . 

We now want to prove that 4> o. . .ocj) m converges on S ro /2 as m — > oo. 
We first notice that S ro /2 C S rm for all m. From (|4.42|) , it follows that 

m 

1100 • • • ° 4>m - Id||r /2 < X] 11^' ° ' ' ' ° 0™ ~ ° ' ' • ° 4>m\\r Q /2 

j=0 
in 

<^||/ W (0i+iO---o0m,-l)L/2- 

3=0 

On the other hand, from ( [4.41] ) , we get 

ll/ (m) (-,-i)IL +1 <^. 

Therefore, O °- • - o 0m converges to a holomorphic mapping : SV0/2 — > 
C n . It is clear that $oo — Id: R™ — > K" is 27r-periodic. Hence, the re- 
striction of to R n generates a volume-preserving diffeomorphism $ 
of T n satisfying (|2.7|), where 

fc = lim {L /i (m) +L 1 /i (m) }. 

m— +00 

One can further achieve [k] = L k = by applying a suitable transla- 
tion (3.25). Therefore, the proof of Theorem [T2] is complete. 



5. The Realization of complex ti-forms 



In this section, we shall give a proof for Theorem [LJ. As in section 
4, we shall first consider an approximation to the nonlinear equation. 
We then use the KAM method to show the existence of a convergent 
solution to the original equation. 



5.1. A linearized equation. For the proof of Theorem |1.4| , we try to 
find a time-1 mapping (p of a holomorphic vector field in A r given by 



v(z) 





3=1 J 



(5.1) 



such that (f*Q 



oj, 1. e. 



det Dip = 1 + a(z) 



Notice the following determinant formula (see [|1J], p. 142) 



log det Dip t 



a o (fs(z) ds, 



-l<t<l 



(5.2) 
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0=1 



d_ 

dzj' 



Thus, we are led to the following functional equation 



/ a o ipt(z) dt = log(l + a(z)). 
Jo 



(5.3) 



Instead of solving 



we now consider its linearized equation 



3=1 

To solve the linearized equation, we decompose 

a(z) = Kia(z) + . . . + K n a(z) + K n+1 a(z) 

with 



(5.4) 



Kjd(z) 



1 



Z\. . . Zj_i . 



a-i,...,-i,i j ,...,i„Zj 



for 1 < j < n. It is easy to see that the condition ( |1.5| ) holds for uj, if 
and only if 

O-l,... -l 



K n+l a(z) 



0. 



(5.5) 



a(z) dzi A ... A z 



Z\ . . . z n 

We also have 

n+1 z' 1 z- 1 r 

YK ia ( z )= \ ••; / 
t; i 2 ^- 1 L\=...= M =i 

Notice that \zj\ < e for z G A r , < r < 1. Hence 

ll-fr^-allr < 2e ? ||a|| r . (5.6) 

We now let qj(z) be the unique Laurent series, containing no terms 
of the form zl 1 . . . z % £ with ij = 0, such that djqj(z) = Kja(z). Then 
( |5.5| ) implies that qi, ■ ■ ■ ,q n satisfy ([5.4I). It is easy to see that 

q J (z)=tDj 1 (z j K j a(z)), z = (\zx\e ie \ . . . , \z n \e id "). 

(5.7) 

Then, it follows from ( |3.5| ) and ( p.6| ) that 

Ikjllr < 47re j+1 ||a|| r , < r < 1. (5.8) 
Let v be the vector field defined by ( |5.1| ) and <pt the flow of v. Put 

(p t : z'j = Zjgj(z,t), gj(z,0) = 1. 
We have the following. 
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Lemma 5.1. Let a(z), (p t , gj(z,t) be as above. Assume that 

r5 2 

II* < (5-9) 
Then for < r < 1, < 5 < 1/2 and \t\ < 1, we have 

||log^(-,t)|| (1 _ 5)r <r5 2 . (5.10) 
Proof. We consider the vector field 

j=l 3 

Clearly, v is a holomorphic vector field in S r with 7r*v = v. Let (j> t be 
the flow of v. Then (p t = nptTi^ 1 . Hence 

gj (z,t) = e ^(i°g*i,-,i°gW). ( 5 .n) 

Since < r < 1, we have \\pj\\ r < e\\qj\\ r . From ( |5.8| ) and (f).9\), it is 
easy to see that 

||Pillr<r5 2 . (5.12) 

In particular, p satisfies ( |4.2|) for ri = r. Now (|5.10| ) is obtained 
from (4.3), (|5.11|) and (|5.12|) immediately. This completes the proof 
of Lemma |5.1| . □ 

Let (p t be the flow given in Lemma |5.1|. We put ip = <£>_i and denote 



ip*u = u), u(z) = (1 + a{z))dz\ A ... A dz n . 

Then 

1 + a(z) = (1 +ao^)det£V>. (5.13) 
We are ready to prove the following. 

Proposition 5.2. Let a(z) and if t be given as in Lemma f>.\\ Let d(z) 
be defined as above. Then 

ft- -4(1-2% -> -4(l-<5)r (5.14) 

and 

||a||(i-2<5)r < ° 7 ^ a } r (5.15) 
ro 

for some constant c-j depending only on n. 
Proof. From ( ^T0|) , it follows that (|5TT41 ) holds. Let 
Q = log(l + a o ip) + logdet Dip. 



28 



XIANGHONG GONG 



From (5.2), we get 



Q = log(l + aoip) — aoip-\- / (a o ip s — a o ifj) ds. 



-i 



By Cauchy inequalities, we have 

no n / e ll a llr 

||o>,-a||(i_ 5)r < 



Notice that 



- a(ip(z)) = I djaiVsiz^qjiVsiz)) ds. 



Hence, (|5.14|) leads to 



ne , 



\aOCp t -a O -011(1-25)7- < ^-Il a l|r||<?||r- 



From (|5.8|) , we then obtain 



(a o ip s - a o ij)) ds\\^-2S) r < 



4mre 



n+2 



r8 



Notice that ||a|| r < 1/2. Hence, ( p . 1 4|) gives us 



log(l + ao^) - a o -0ll(i-25)r < 2| 



From (|5.16|) , we now see that 

IM|(l-25)r < 



4mre 



n+2 



1 



rd 



(5.16) 



(5.17) 



In particular, (|5.9|) and ( |3.15|) imply that 

||a||(i-2<5) = \\e Q - 1 1| (i_25) < e||<5||(i-25)- 
Together with (|5.17|) , we obtain ( |5.15|) . □ 

5.2. Proof of Theorem |1.4j . The rest of the proof of Theorem [O 
will be given along the lines of the proof of Theorem |2]2|. We put 



r m+\ — (1 — 2<5 m )r r , 



e 2 n 1 



m = 0, 1 



m 2(m + 2)2' 
The following numerical result can be proved as Lemma [O . 

Lemma 5.3. Let r m , 5 m be given as above. Assume that ao, ai, . . . , a^r 
are non-negative numbers satisfying 



l "in+l 



< 



°7 a m 

r m 5 



< m < N, 



(5.18) 
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and 

a-o < roSl/c^ (5.19) 
for C8 = max{c7, 4e n+2 ir}, then 

a m <r m 5 2 m /c^ m > 0. (5.20) 



For the proof of Theorem |1.4| , we shall find a sequence of transfor- 
mations 

i) m : z'j = z j gf l \z), j = l,... ,n, 

1 + a( m+l \z))tt = ^((1 + a( m \z))ti). (5.21) 
Mil 



and then put 



Denote 



Qj 7 >-) Qi 
tilt ii ii ' 1 1 v 

We require that ( |5.20p holds and i[) m satisfies 

||log^ (m) || rm+1 <r m ^. (5.22) 
In particular, (|5.22|) implies that 

iP m : A rm+1 ^A rm . (5.23) 

To determine ip m , we now let a^°'(z) = a(z) be as in Theorem |1.4j . 
Then for e small, we know that do satisfies ( |5.19|) . By applying Lemma [O 
to a = and r = ro, we find a transformation ipo = ip_\ as in 
Lemma |5.1| . Next, we define a^(z) by ( J5.21 ). From Proposition |5.2| , 
we know that a and a\ satisfies ( [5.181 ). Hence, Lemma implies that 
( 5.2(J| ) holds for a,\. In return, we construct a transformation ipi = ip 
as in Lemma |5.1| for a = and r = r±, so a^ 2 \z) is determined by 
(|5.21| ). Through this recursive process, we can construct a sequence of 
transformations ip m such that ( |5.20| )-( |5~2"3"D hold. 

Notice that r m > r /2 for all m. Then ( 5.23| ) implies that ipoo. . .oip m 
is well-defined on the domain A ro / 2 . We have 

Uk - Id|| rfc+1 < e max{||c/ (fc) - l|| rfc+1 } < e 2 r k 5 2 k , 

l<j<n J 

where the last inequality comes from ( |5.22| ) and ( |3.15| ). Hence, ( |5.23| ) 
implies that 

\\tp k o . . . o ip m - ip k+1 o . . . o ip m \\ ro / 2 < \\ipk ~ Id||r fc+ i ^ e 2 roSl- 

Thus, the sequence ip o . . . o ip m converges on A ro / 2 , of which the limit 
mapping tp satisfies 

oo 

ll^-WlU^eVo^^^^, (5.24) 

m=0 
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where the last inequality is obtained from the choice of 5 m and the 
elementary inequality (m + 2) 4 > 4(m + l)(m+ 2). 

It is clear that ip*uo = Q on A ro /2- We now can complete the proof 
of Theorem |1.4| by showing that ip has an inverse mapping ip : A ro /s — > 
A ro /4. To this end, we fix z € A ro / s and consider the mapping 

T:£^z-il>(Z)+Z. 

From (|5.24j) , it is clear that T: A ro / 4 — > A ro / 4 . Next, we want to show 
that T is a contraction mapping. For if £" are two distinct points in 
A ro/i , we choose 9', 9" G S ro/4 such that tt(0') = f and tt(0") = We 
may assume that 

|Re(^-^)|<7r, j = l,...,n. 
Let 7(t) = tt((1 - t)9' + t0"). Then 7: [0, 1] -> A ro/4 , and 

\W{t)\\<e\\9"-9'l te[0,l}. 
Using Cauchy inequalities, we also obtain from ( j5.24| ) that 

\\Dif;-Id\\ ro/4 <±-. (5.25) 
Combining with the formula 

na - tco = - fm - aw® 

Jo 

we obtain 

iiT(e")-neon < iw-e'm- (5.26) 

Since |^|, |£"| > r /4, then we have 

|^-^|>||^|-|^||>e-^ 4 |Im(^-^)| 

and 

ie; - e;i > e-^%/\^\ - e;/ie;i| > 2e-^ 4 |R e ^ - 9^/n. 

Thus, we get 

11^" > V2e- l ' 4 \\9" -9'\\/ti. 
Combining with (|5.26|) , we obtain 

wno - now ^'fev 

This shows that T : A rQ /^ — > A ro u is a contraction mapping. Therefore, 
the fixed point theorem implies that ip has a unique inverse ip : A ro / s — > 
A ro / 4 . From ( |5.25 ), it is also clear that <p is holomorphic. The proof of 
Theorem |1.4| is complete. 
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